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A method is outlined by which high-order solutions are obtained for steadily pro-
gressing shallow water waves. It is shown that a suitable expansion parameter for
these cnoidal wave solutions is the dimensionless wave height divided by the para-
meter m of the ¢n functions: this explicitly shows the limitation of the theory to waves
inrelatively shallow water. The corresponding deep water limitation for Stokes waves
is analysed and a modified expansion parameter suggested.

Cnoidal wave solutions to fifth order are given so that a steady wave problem with
known water depth, wave height and wave period or length may be solved to give
expressions for the wave profile and fluid velocities, as well as integral quantities such
as wave power and radiation stress. These series solutions seem to exhibit asymptotic
behaviour such that there is no gain in including terms beyond fifth order. Results from
the present theory are compared with exact numerical results and with experiment. It
is concluded that the fifth-order enoidal theory should be used in preference to fifth-
order Stokes wave theory for wavelengths greater than eight times the water depth,
when it gives quite accurate results.

1. Introduction

A knowledge of the flow field due to the passage of water waves has become increas-
ingly important as more structures are built to resist loads caused primarily by wave-
induced fluid motion in hostile marine environments. Often, the waves are so long in
relation to the water depth that existing theories are no longer adequate. In the absence
of an accurate shallow water theory, however, theories which are best suited to
deep water continue to be applied, notably the fifth-order Stokes wave solution (De
1955; Skjelbreia & Hendrickson 1961).

Several high-order approximations to irrotational water waves of constant form
have appeared in recent years, often based on Fourier series, but where convergence is
slow, if at all, for shallow water. These solutions are often numerical, and of an inverse
formulation,andare generally of such high order, thatit is difficult to obtain expressions
for physical quantities as functions of position for practical use. The presentation of
results has been limited to tables of integral quantities for a range of wave lengths and
heights. However, these methods have achieved real success in obtaining numerically
exact solutions for the first time (Schwartz 1974; Cokelet 1977). A survey and com-
parison of the methods is given in Cokelet’s paper.

The first shallow-water theory of periodic waves was given by Korteweg & de Vries
(1895), who showed that the first approximation to the surface profile of steadily

0022-1120/79/4220-6940 $02.00 © 1979 Cambridge University Press
5 FLM 94



130 J. D. Fenton

progressing waves in shallow water was cnoidal. Littman (1957) proved the existence
of such solutions for sufficiently small waves. Laitone (1960) obtained the second-order
approximation to these cnoidal waves. A high-order solution was attempted by Monk-
meyer (1970), who assumed a cnoidal type of solution, obtaining coefficients of this
solution to fifth order in wave height. Unfortunately, this was rather difficult to apply
to a practical problem, as he used an inverse method, obtaining equations for cartesian
co-ordinates in terms of the velocity potential and stream function. Also, the equations
were solved numerically so that results could be presented only in the form of tables of
coefficients for different wavelengths. Finally, in solving the equations, the elliptic cn
functions were expanded as Fourier series, inhibiting their usefulness in shallow water.

In view of the lack of an accurate theory for shallow water waves, it was decided to
produce such a theory, but one which contained the following features.

(i) Dependence on water depth and wave height would be included specifically so
that no equations need be solved numerically in any subsequent application. Rather,
any calculations would be limited to the evaluation of series.

(ii) That it would be direct, giving quantities as functions of time and position
rather than of stream function and potential. Thus the theory was to be basically a
high-order extension of Laitone’s second-order cnoidal wave solution (Laitone 1960,
1965), a shallow water theory complementary to the fifth-order Stokes wave theory of
Skjelbreia & Hendrickson (1961).

Using a Rayleigh-Boussinesq series previously applied to solitary waves (Fenton
1972), exact equations are set up in § 2, into which series expressions are substituted in
§3, leading to the formation of a recursion relationship for a solution of any order.
Computer programs were written to perform the extremely long manipulations and to
obtain the solutions. In §4 it is shown that all quantities of the cnoidal wave solution
are more properly given by series in ¢/m, where ¢ is the dimensionless wave height and
m i8 the parameter of the Jacobian elliptic functions introduced. The use of this
quantity as an expansion parameter explicitly shows the applicability of the method to
longer waves (m = 1 for solitary waves but becomes smaller for shorter waves, making
the expansion quantity e/m larger).

Solutions were obtained to ninth order, however it was subsequently found that
there was no justification in going beyond the fifth order. All results to this order are
presented as tables of coefficients in series expansions. Section 4.3 shows how a practi-
cal problem involving known water depth, wave height and wavelength or period can
be solved to give ¢ and m, which can then be used in the series of §4.4 for the wave
profile, and fluid velocities, accelerations and pressures. In §4.5 a number of series for
integral properties of the wave train are given, such as wave impulse, energy, radiation
stress, wave power, and mean Stokes drift velocity.

Results from the present theory are compared with previous work in § 5. The break-
down of the Stokes wave approach in shallow water is analysed and compared with
the breakdown of cnoidal wave approximations in deep water. Wave speed is then
used as the criterion for comparing the present work with Stokes wave theories.
Finally, fluid velocity profiles given by the present theory are compared with Stokes
wave profiles and with experimental results.
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Ficure 1. Typical steady water wave moving from left to right, showing the stationary co-
ordinate system (z, ) and typical fluid velocities in this frame (u, »); the moving co-ordinate
frame (X, Y) with typical velocities (— U, V); and physical dimensions of the wave.

2, Exact operator equations

Consider two-dimensional periodic waves propagating from left to right without
change of form over a layer of fluid on a horizontal bed. In a co-ordinate system (X, Y)
with origin on the bed underneath a wave crest and moving with the same velocity as
the waves, all motion is steady, with velocity components (U(X, ¥), V(X, Y)) res-
pectively.

Another co-ordinate system (x, i) is fixed on the bed, so that the waves move through
itin the positive z direction, and the fluid velocity at any pointis (u(x, y,t), v(x, ¥, t)). If
x,(t)is the horizontal co-ordinate of the (X, Y) origin at any time £, and if the wave speed
is ¢ = dx,/dt, then

z=z{t)+X, y=Y, u=U+c and v=7V.

These co-ordinates and velocities are shown on figure 1, on which the important length
scales are also shown; these are: A = wavelength; H = wave height; A = minimum
fluid depth, at the wave trough; (X) = fluid depth at any. point; and % = mean fluid
depth.

Throughout the following analysis we will deal only with steady motions in the
(X, Y) frame, until we obtain expressions for velocities in both frames.

If the fluid motion is incompressible, a stream function (X, Y) exists such that the
velocity components (U, V) are given by '

U=0oy/oY and V =-0y/0X,
and, if the motion is irrotational, ¢ satisfies Laplace’s equation throughout the fluid:
Py [0X2+ 0% [0Y? = 0. (2.1)

The boundary conditions to be satisfied are:

(@) On the free surface, given by ¥ = #(X), ¢ is a constant, — ) say.

(6) On the horizontal bed ¥ = 0, ¢ = 0. Q is the total volume rate of flow per unit
span in the steady flow. With the sign conventions we have chosen the apparent flow
under the steady wave profile is from right to left.

5-2



132 J. D. Fenton
(¢} On the free surface, the pressure is constant, = 0 say, with Bernoulli’s theorem

giving (oY /oX )2+ (2 /oY )y, +g1 = R,

where R is the energy per unit mass of fluid in the steady flow and which is constant.
If yr is assumed to be given by

¥ = —sin YD f(X) (2.2)
where sin YD = sin Yd/dX is the differential operator obtained by expanding in a
power series: i Y* & Y5 45
ax 3 d—)-(—:—i'i-? 5 G
and where f'(X) is the horizontal fluid velocity on the bed, it is easily shown that
oY/oX = —sin YD .f'(X), oy/0Y = —cos YD.f(X),
o%p)oX? = —sin YD.f"(X), 0%f/0Y?=sinYD.f"(X),

and the field equation (2.1) is satisfied identically by (2.2). Also, substituting ¥ = 0
into (2.2) gives i = 0, satisfying the bottom boundary condition (b).
The kinematic surface boundary condition (a) is satisfied by substituting ¥ = 7(X),
=—@in (2.2):

sinYD=Y

@ = sinyD . f(X). (2.3)
Similarly the dynamic surface boundary condition (c) gives
H(singD .f")2+ (cosnD .f )?] + g7 = R. (2.4)

Equations (2.3) and (2.4) are two nonlinear, coupled ordinary differential equations in
the unknowns 7(X), the fluid depth, and f'(X), the horizontal velocity on the bed. In an
earlier work Fenton (1972) inverted (2.3) to give an expression for f which was substi-
tuted into (2.4) to give an operator equation in terms of 7 and all its derivatives. How-
ever the expression involved a doubly infinite series: in the present work both (2.3) and
(2.4) will be used to solve for #(X) and f'(X) together.

Now, 7 and Y are non-dimensionalized with respect to A, the minimum (or trough)
depth of fluid. Other dimensions such as the mean depth 7 or wavelength A could have
been used ; however, these give much longer expressions for all quantities (see §4.10).
fis also non-dimensionalized with respect to @ such that (2.3) and (2.4) become

8in e Dy .fo =1, (2.5)
H(sin 9y Dy fu(X )2+ (co8 7y D (X u) P14+ gu 70 = T (2.8)
where X, = X/h, 9, =1/h, Dy =d/dX,, fs=[/Q, g4 is the ‘gravity number’
gh3/Q?, and r, is the dimensionless energy, Rh?/Q2.
One of the infinite series of derivatives may be eliminated by differentiating (2.5):
Du(singy Dy.fo) = 0 = sinny Dy . fx+74c08 74 Dy fi.

This is the alternative form of the kinematic boundary condition, V = Udy/dX, on the
free surface. Substituting into (2.6) we have the following equations involving 7, 7%
and odd derivatives only of f,, and the two parameters g, and r,:

sinfyDy.fu—1=0 (2.7
and B+  (cos Ny Dy fi)2+guNa~Te =0. (2.8)
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3. Series expansion solution

Equations (2.7) and (2.8) have the trivial solution of uniform flow with constant
depth: 9, = 1 =fy = g4, 74« = §, which is the well-known critical flow of hydraulic
engineering. All quantities in (2.7) and (2.8) will be expanded about this state. The
choice of expansion parameter is not obvious but, as the equations are nonlinear, we
should consider all variation with X, to be as «X,, where a is a straining parameter
(Lighthill 1949). Now, because even derivatives of f, occur in (2.7) and (2.8), terms like

DR(fe(@X ) = (a2 fen+D(aX )

oceur, and there will be powers of a? throughout the system of equations. Hence it
seems simplest to expand in terms of a? itself, and we write

7e = 1+ 3 (@) FaX),
i=
fi =1+ 3 (@) FaX,),
=t (3.1)
gx=1+ 3% (@) g,,
r« =3+ X (@)r,
i=1
and substitute these into (2.7) and (2.8). Grouping all the terms in a°, @2, &4, ..., and

requiring that the coefficient equation of each a?! be satisfied identically, the following
equations are obtained.
a®: (2.7) and (2.8) satisfied identically.

at. F+Y, =0; (3.2a)
F+Y+g¢,—r=0. (3.2b)
These equations cannot be solved, but we do obtain
F=-Y, g1=n.
at: Fy+Y,+FY,—3F] = 0; (3.2¢)
F+Yy+g,—r,—4F+3Fi+9, Y1 = 0. (3.2d)

Second-order terms appear at this stage — by subtracting one from the other they can
be eliminated, and using (3.2a,b):

go—7o—3F1+3F%—g, F, = 0. (3.2¢)

After some manipulation it can be shown that this has the solution

F = —$%men?(aX,|m),
g1 =35(1-2m) =r, (3.2)
and 7o — gy = dm(1—m),

where cn (¢ X ,|m) is a Jacobian elliptic function of argument « X , and parameter m.
Often this is written cn (aX ,, k) where m = 2. Throughout the present work, no odd



134 J. D. Fenton

power of k is produced, hence we use m. For a description of these elliptic functions, see
Abramowitz & Stegun (1964). The function cn (¢X 4|m) has a real period of 4K(m)
where K is the complete elliptic integral of the first kind. Accordingly, en? (X ,|m) has
a period of 2K (m), where m is obtained as a function of @ by a solution of the equation

aX,=K(m) when X,=13A/h,

giving tad/h = K(m).
Substituting the solution (3.2f) into (3.1) and (3.2a) gives
7y = 1+5ma?en? (aX ,|m)+ O(at).

Using the boundary condition at the crest: 7,(0) = 1+ H/h, we obtain an expression
for a in terms of H /h:

3 H\%

and Ny = 1+ (H/h)en*(aX ,|m)+ O((H/h)?),

the well-known solution of Korteweg & de Vries (1895), giving rise to the name
‘enoidal’ waves.

Now considering af terms of (2.7) and (2.8) into which (3.1) has been substituted we
find the following:

ab: P+ Y+ B Y+ Y, i —3F;+ 4, = 0, (3.29)
Fot Yy 49,1+ FL B+ Y9, + Y9, — 3F3+ By = 0, (3.2h)

where A4, is a term involving first-order known quantities which give contributions at
this («?)® order, from (2.7): _
A = 335 FY — L Fy,

and By is a similar term from (2.8):
By = ¢ Fi" =Y, F{— }F, F{+ }F{%
Subtracting (3.24) from (3.29),
AR+ Y, (F—g)+ Fy (Y, — F) =9, Y, +r3—gs+ A3 — By = 0, (3.3a)

a linear differential equation in the unknowns F,, Y,, r, — g, in which (3.2¢) can be used
to eliminate Y,. By assuming F, = F,,+ F,, cn?(aX ,|m) + F,, cn® (e X ,|m), substi-
tuting into (3.3a), and requiring that each power of cn? satisfy the equation, we obtain

F, = tm(m — 1) +18m(1 — 2m) cn®+ Ifm2 end,
Y, = §m(2m — 1) cn?+ $m?cn?,
and 72 =~ 14+ 4m—tm,
where cn? is used to represent cn?(aX ,[m). Using the boundary condition that
74(0) = 14+ H/h = 14+a2%,(0) +2F;(0)
we recover the second-order solution of Laitone (1960):

Ny = 1+ (H/h)cen?+ (H/h)?(— % cn®+§ en?) + O((H [h)?), (3.3b)

a= (‘1%% %))" (1 + (%) 2;:") + O((H /h)b). (3.3¢)
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This method may be generalized and used at any order in the equations (2.7) and (2.8).
If we have a solution correct to order » — 1 8o that we can write

UK 1 Yi(aXy)
n—1
[x _ 1 + 3 (a?) F(aXy) ’ (3.4)
9 1 i=1 i
Tx 3 7

where all quantities on the right side are known, and this is substituted into (2.7) and
(2.8), the following are obtained, similar to those for second order:
(@21 F,  +Y,  —4F,+Y, F,+ F,Y,+4,.,=0, (3.5)

where the last two terms do not appear if n = 2. The quantity A4, ., is the coefficient of
(@¥)nt! in (2.7) obtained by substituting (3.4) correct to only («2)»~! but formally
manipulating to order (a?)*+. If B, ,, is the quantity obtained similarly from (2.8), we
have

Froa+ Yo =3+ Y, 0, + Y19, + FiFo+ gy —Tngn + Bryy = 0,

and subtracting this from (3.5):
Wt Y (B —g)+ (N —F) - Y190+ Tp— G+ A= Bnn =0, n=2,3,....

(3.6)
To eliminate Y, from this we use (3.5) obtained at one lower order:
F +Y,—%F, \+Y, \F+F, [ Y,+4,=0, n=23,.... (3.7)
By assuming
2 2 i (02 m!
k=01=0

the coefficients F,,, may be found, and the whole solution at order » obtained —F,,
Y., 9., 7,. The nth order solution is added to the expansions (3.4), and the whole pro-
cedure repeated at one higher order and so on.

The amount of algebraic manipulation is formidable, even at low order, and so com-
puter programs were written to perform all the differentiation, addition, and multi-
plication of the triple seriesin a2, en? and m for 7 , and f, and the double seriesin a2 and
m for g, and r,. Results were obtained to ninth order in @2, this being a reasonable
limit for operation on the Cyber 72 computer at the University of N.S.W. All calcula-
tions were performed twice. Double-precision arithmetic correct to 28 significant
figures was used in calculating coefficients of all the series to fifth order. The results
were checked using an equation developed by Longuet-Higgins (see §4.6). The accur-
acy was such that single precision (14 figures) was adequate, and this was used in
calculating results to ninth order.

4. Ninth-order cnoidal wave solution
4.1. Choice of e/m as expansion parameter

While the expansions in a? were convenient for the work described in the previous
section, it is most common in water wave theory for expansions to be presented in
terms of dimensionless wave height: H /A for deep water, and H /A for shallow water,
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the present case. To convert the series in a? to series with ¢ = H/h as the expansion
quantity, the condition at the crest was used:

9
1u(0) -1 =2 —c= 3 (@)
i=1

This series was reverted by computer to give a? as a series in ¢ which was then substi-
tuted into each of the series in a2 to give ninth-order expansions in ¢ for #,(X,),
f (X ), g% and r,. Also, the square root of the series for a® was obtained, using the
binomial theorem, to give the following result for a in which results to third order only
are given:
o= (§ 3)% (1 +e (— 0-875+ 9'_2§) +e? (0-86719 _ L30T, 0'03125) + 0(63)).
4m m m m?
(4.1)

The parameter of the elliptic functions m can vary between 0 and 1: because m appears
to negative powers throughout (4.1), if it does become small then some of the terms in
(4.1) will be very large, and we should not expect the series to be useful. This variation
of m can be studied using the expression (from §3),

cx% = 2K(m),

or substituting (4.1) to first order,

3
(f—: n%) 2— = 2K (m)+ O(et).
This equation, although accurate only to first order, can be used to examine three
limits of interest, giving some insight into the nature of the cnoidal solution.

(@) Very long waves. For finite wave height ¢, as A/h— o0 and the solitary wave case
is approached, K (m) must also approach oo, requiring that m —» 1.

(b) Short waves. The elliptic integral K(m) on the right side can never be zero, hence
in the case of A/h— 0 the equation can only be satisfied by m— 0, in which case
K—imand m 3 A2

e mr
For finite wave height e this shows explicitly how m—->0 as A/h—0, to first order at least.
(¢) Infinitesimal waves. For a given wavelength A/h using similar reasoning, as
¢— 0, then it can be shown that m also goes to zero in the same way as in (b):
e/m—>%(2mh/A)?,

which is, in general, finite. Thus we have the result that, for very small waves, the
parameter m also becomes small in such a way that ¢/m remains finite.

If ¢ > 0 and m — 0, then it is not clear which terms in (4.1) are important because ¢
appears in the numerator, and m in the denominator to different powers. This is
immediately clarified if ¢ everywhere is associated with m~1, so that (4.1) can be
written in terms of (¢/m) as

3 2
a= (§ 5) (1 + (-‘i)(o-25 ~0-875m) + (—6—) (003125 — 0-34375m + 0-867188m2)
4m m m

+0((e/m>3)). (4.2)



A high-order cnoidal wave theory 137

From this it seems that a more natural expansion parameter is ¢/m, even though the
nominal one is €. This equation contains positive powers only of ¢/m and of m. The
parameter m is now free to take on any of its possible values between 0 and 1, provided
¢/m remains finite. For very long waves m - 1 and the expansion parameter becomese.
For infinitesimal waves, ¢—> 0, but as shown above ¢/m is finite. This feature of the
cnoidal expansion, that it is valid for infinitesimal and finite waves but that the effect-
ive expansion quantity e/m is finite in both cases, is unusual. It seems that this is
because it is based on a method by which even at lowest order a finite nonlinear
solution is obtained: the series do not give more accurate results for infinitesimal waves.
In Stokes wave expansions, however, the first-order solution is the linear one: the
expansion quantity becomes small for infinitesimal waves and higher-order terms may
be more easily neglected.

Of the three limiting cases (@), (b) and (c) above, only the short wave limit remains to
be reconsidered in the light of the use of ¢/m as the expansion parameter. For finite
wave height €, as A/h—> 0, we showed above that m/e—> 0. Therefore, the use of ¢/m
malkes it clear that for it to be small, and presumably for the series expansion to give
accurate results, the short wave limit cannot be included. Throughout the rest of this
paper, €/m (= H/mh) or ¢/m (= H/m7%) will be used as the expansion quantity in all
series, explicitly showing the limitation of the present approach to waves which are
neither too high nor too short.

The right side of (4.2) can be written in the form

9 fe\i i
2 () 5 miag,
i=1\TM/] j=0¢ “

where the a,; are numerical coefficients. Similarly, all other series produced in the
present work are of this form. In the equations containing variation with X, for
example 7,(X ), each a,; is a series in powers of cn? (X 4|m). When expressions for
fluid velocity at a point are given each a,; is a double series in powers of cn? and of Y%.
As will be seen, when integrated quantities such as 7, are obtained, the a,; are a single
series in powers of elliptic integrals.

4.2. Use of minimum depth h as the depth scale

In Stokes wave expansions the mean depth 7 is used to represent water depth, while
minimum or trough depth has been used for cnoidal waves. Mean depth seems to be a
more fundamental scale but it will now be shown that using 7 in the present work
would introduce extra series in powers of elliptic integrals requiring the specification
of many more coefficients in the presentation of a solution.

From §3, and as described in §4.1, a series for 7/ was obtained:

" 9 /e\t i g
7= %= 1+ 3 (%) xm en? (o X o |m) 7455,
i j=1 1

i=1 k=

where the 7,;, are numerical coefficients. The dimensionless mean depth 7, = %/k was
obtained by integrating this expression:

- 1f2
v=;\f 7(X)dX,
(]



138 J. D. Fenton

or, in dimensionless terms,
_ 7 1K
T“=3 =% o Tu(aXy)d(@X,),

where K is the complete elliptic integral of the first kind, K(m). A computer program
was written to integrate series in cn?, using a recursion relation from Gradshteyn &
Ryzhik (1965, §5.13):

1 (K
if I(l) = T(J‘o [m cn?(6)m)] d6,

then I0)=1 and I(1)=-1+m+(E/K),
where F is the complete elliptic integral of the second kind, E(m), and
(2142 2l+1 5
I(l+2) = (m) (2m—1)I(l+1)+(2l—+3) (m—-m?) I(l). (4.3)

In this way we see that 7, is a double series in ¢/m and m, but with each term con-
taining one numerical coefficient plus a second coefficient of E/K:

7 9 i

To=g=1+ 3 (5) 5 mg+ T Blm)/Kim). o
1= j=0

While this doubles the number of coefficients necessary, the situation is worse if, for

example, 7 is to be used in the denominator as a depth scale. Such a case arises if we

want to give an expression for the dimensionless wave.height € = H/7, as used in

Stokes type expansions:

€= —= — [—= = 6‘7_];1. (4.5)

Using the binomial expansion to evaluate 7! from (4.4) it can be seen that every
coefficient of (¢/m)im7 is another series in (E/K)*, k = 0, ..., 1, thereby greatly increas-
ing the number of coefficients necessary in a solution. For this reason, the trough or
minimum depth 4 is used in this work as much as possible in the presentation of results.
However, it is the mean water depth which is known when a real problem is specified.
In the next section, expressions are given so that & may be obtained from 7% and subse-
quently used as the depth scale.

4.3. Obtaining a cnoidal wave solution given water depth, wave height,
and wave length or period

The shallow water approximations given in this work generally use h as the depth
scale, so that the series can be evaluated if both € = H/h and the parameter m are
known. Neither are known initially, however, as commonly a wave height H, mean
water depth 7, and either wavelength A or period 7 are specified.

Using computer manipulation of the series the expansion (4.5) was obtained:

_ H 2 [e\t: 3 (E')k
=5 m, m 7 R
¢ U] i§1 (m) j§0 k§0 K 1k

where the e, ;, are numerical coefficients. This quantity € could have been used through-
out, which would haverequired the presentation of many more coefficients. Instead, as
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it is known, a priort, it is used only in this section to give equations for ¢ and m. This
equation was then reverted to give e as a series in € and m:

9 g\ i i (E\k
€= -_— m! =} €.,
1§1 (m) 5§0 k§0 (I‘) ik

where the ,;,, are coefficients. This was substituted into the full ninth-order version of
(4.2) to give « as a function of €, m, and E(m)/K(m), and into (4.4) to give 7, as a
function of the same quantities. From §4.1 the equation for wavelength was used:

aA/h = 2K (m),
therefore Ay = -/_} = 2K_(m),
U o4/

and the expansions for « and 7, substituted, the subsequent expansion inverted to
give:

~ A_ 4K(m) 3 i E(m)
Y= 5=t 2 5) B 2 () Ao (9
where the A,;, are coefficients, as given to fifth order in the appendix, table A 1.

The significance of this equation is that it enables us to solve for m, provided the
three length quantities are known: wavelength A, mean depth 7 and wave height H,
giving A, = A/7 and € = H/7. Clearly (4.6) is an implicit equation for m, in which it is
too deeply embedded for direct solution. It could be solved by trial and error, or by
Newton’s method. The author used trial and error in obtaining the results of § 5.

In many practical problems it is not the wavelength that is known initially, but
rather the wave period 7. In this case an equation similar to (4.6) can be obtained from
the relation 7 = A/c, where ¢ is the phase speed of the waves. A dimensionless period
74 can be introduced as 7, = 7(g/7)}, giving

7o = 7(g/M} = Xulgn)t/c.

The dimensionless wave speed ¢/(g7)t was obtained, using the methods described in
the next section, as an expansion in ¢, m, and E/K, and substituted into the above
equation to give

o= e 2 ) B 2 () e )

in which the 7;;, are numerical coefficients given in table A 2 in the appendix to fifth
order. If water depth 7, wave height H and wave period 7 are known, then this implicit
equation for m may be solved. A similar procedure must be followed in high-order
Stokes wave problems, when an implicit equation has to be solved for the quantity
7/A, when A is not known a priori.

If m has been calculated for a particular problem, % remains to be found. This can
quickly be done using the equations obtained during the development of (4.6), which

gave the equation
) i

Lot 3 (5) 2w 3 (F) e (4.8)

i=1 j=0 k=0
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where the &, are numerical coefficients given in table A 3. From the value of 2/7, ¢ is

given: el

and the two quantities (¢/m} and m so found may be used in all subsequent expressions.

4.4. Presentation of expansions obtained

All series for the physical quantities given below were obtained to ninth order by
computer manipulation, however the number of coefficients necessary to specify these
expansions completely is so large that it is not feasible here. Instead, all coefficients
are given to fifth order in (¢/m) as set out in the appendix. Subsequent comparison
with experimental results (see §5) showed that including higher-order terms gave no
better agreement. The coefficients are given as real numbers, rounded to five decimal
places. This is sufficiently accurate for direct evaluation of the series; however, further
manipulation of the series accurate to this degree could produce unacceptable round-
off errors.

Throughout the following description of these results, numerical coefficients in a
particular expansion for a physical quantity will be represented by the symbol for that
quantity with the number of subscripts necessary, for example «,; in the expansion
for a.

Coefficient of X . : .

id
o = (g E)* i} (i) Y miay. (See appendix table B 1 for the a)
M/ 4=0\TM/] 1=0

For the solitary wave case, m = 1, the results of Fenton (1972) are obtained. Through-

out the present work the m = 1 case reduced correctly to the solitary wave results
given by Fenton.
Wave profile: 9.

7

5
h N % i§1

i i
(E) T mi Y en? (X |m)ny. (Table B 2)
mj j=1 k=1

Volume flux : Q. The flux, per unit span normal to the plane of flow, under the wave
and relative to the wave was obtained from the results for g,,:

Q » 5 (e)i :

P =1+ - miQ,,. Table B 3

Qu (gho)i Ix ¢§1 m j§0 Quy ( )

Energy per unit mass: R. This is the Bernoulli constant in the steady flow as given in

(2.4). An expansion for r, = Rh?/Q? was obtained as described in §3. This was multi-
plied by @2 to give the dimensionless R,:

R, =X Qi =15 f;(eiﬁ; iR (TableB 4)

= — =7 = . + — m . a e
* gh ® Uk & m) j=0 (4]
Fluid velocity relative to wave: U(X, Y), V(X, Y). From the differential operator of

§2 we have
U =oy/oy =—cos YD.f'(X),
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or, in dimensionless terms,
Uh/Q = —cosY, D, .fo(X
and multiplying by @ ,:
U/(gh)i = ~@QucosY, Dy fo(X,)

Substituting the results of §3 for f, we obtain a quadruple series in (¢/m), (Y /h), m

and cn?(aX ,|m), for U(X,Y)/(gh)}, the horizontal fluid velocity relative to the wave.
With the conventions that we have chosen, waves progressing to the right over other-
wise quiescent fluid, in the moving frame the steady fluid velocity will be from right to
left, under the ‘stationary’ wave profile, and will be negative. In practical applica-
tions it is not this velocity which is important, but rather the velocity relative to a
stationary frame, u(x, y,t). After the wave speed is calculated, we will use the results
of the present section to give expressions for unsteady velocities, accelerations and
pressures throughout the fluid.

= 1= B (E) B 5 entkaXam E (5 b
(gh)t i=1 =0 k=0

At fifth order this series has 200 terms, given in table B 5, and at ninth 1449 terms!
Evaluation by hand calculation is not practicable, however on a computer it is trivial.
To obtain the vertical component of fluid velocity we can use the equation that the
fluid motion is incompressible,

oU[oX +0V [2Y = 0.

. V Yo o9 [-U
thatls ™ ), 7 gl
and with V(X ,, 0) = 0:

v

—2acn (X y|m)sn (@ X 4|m)dn (@ X ,|m) 2 ( ) élmikél (en2 (aX ,|m))k-1

i1 Y\BH [ k
X 1?0 (W) (2l +1 ¢im) )

The elliptic functions sn and dn are simply obtained from cn:
sn?(f|m) = 1—cn?(f|m)

and dn?(f|m) = 1—msn?(6|m),

(gh ~

which appeared here after differentiation of ¢n:
dia(cn (6)m)) = —sn (6|m)dn (6|m).

The equation for V /(gh)} is not a formally correct expansion in (¢/m), as it contains the
summations as shown, all of which are multiplied by «, which is itself an expansion in
¢/m. To give the correct expansion obtained by multiplication would yield another
large number of coefficients which would have to be presented separately. It does not
seem reasonable to do this. Below it will be shown how fluid pressures and accelerations
can be obtained from the same set of ¢, ;.

Wave speed : c. This is important in relating velocities in the two co-ordinate frames.
Wave speed is defined to be the time mean horizontal fluid velocity at a fixed point in
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the stationary frame, equal to the spatial mean at a level wholly within the fluid in
the moving frame. That is,

1 A
¢ = -f U(X, ¥)dX,
Ao

in which the negative sign of U in the present convention is ignored. Level ¥ = 0 was
used to evaluate this integral, using (4.3):

¢ 1 (U S(eV L L (BN
oo i &y e 0t = 1+ 5 () B 8 () o
(Table B 6)

The elliptic integral ratio E(m)/ K (m) entered here because of the integration of powers
of cn2,

Fluid velocity in stationary frame: u(z, y, t), v(z, y, t). In most practical applications
it is the velocity relative to a fixed point as waves pass which is more important than
that relative to moving axes. If (x,y) are the co-ordinates of a point in the stationary
frame at which the velocity components are (u,v) then

r=X+u(t), zo=2/h=X,+2Xt), y=7Y, yye=7Y,,

where x,(t) is the horizontal distance of the wave crest from the origin such that
0 = dx.[dt, u=U+¢ and v=7V.
Substituting the results from U and V, we note that the vertical velocity is the same in
both frames:
.t X, Y
R0 = g )
where the argument of all elliptic functions is now «(z, —z}(¢)) instead of «X .. The
horizontal velocity u is
u(x*’y*’t) 5 (e)z ¢ i 1()
B e y—1— —_ mi Y cn®* (afz, —xX(E))|m) i
(gh)t * i§1 m ;20 k2=0 (ofery = (0)] 1=0 Pons
Fluid acceleration: du/ox, dufdy, du/dt, Du/Dt, ov/ox, dv/dy, év/ot, Dv/Dt. In many
applications the temporal and spatial derivatives of velocity are required, such as in the
use of empirical drag force laws. These are simply obtained from the above equations
and from continuity and irrotationality conditions:

(@)1} ZZ — (ﬁ)i% = 2acn.sn.dn é (%)1 );“, mi Ei} (cn2)k-1 iil (%)ﬂ(kfﬁukz),

g g i=1 k= =0
M\tou (h\tov 5 (¢ y\ 21

- = i 2% Yy y
(9) oy (g) ox 251 (m) § m kZO en 2 (h (P :5m)»

in which all elliptic functions have argument a(x, —xX(t)),

o () gy 1 (i
goa  *\g) & goat *\g) ex

The acceleration of a fluid particle can be obtained simply from these expressions:

Du  ou 8u+vau and Dv_@+uiv_+va_v
Dt w  amty Dt a " at sy
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Pressure in the fluid: p(z,y,t). The fluid pressure p would require another set of
coefficients as numerous as the ¢,;,, if it were to be provided formally. However, these
¢, may be used to obtain an expression for the pressure. At any point in the fluid,
Bernoulli’s theorem holds in the frame in which motion is steady:

(X, Y)/p+3(U%+ V2 +gY = R.
Dividing by gk, and noting that X =z—=z,(t), ¥ =y,

2(x,y,t)/pgh = R/gh—y.—3[U2/gh+ V2/qh],

where R/gh, U/(gh)}* and V /(gh)} have all been given as fifth-order expansions above.
The argument of all elliptic functions is X , = a(z, —x¥(t)).

4.5. Integral properties of cnoidal waves

In most areas of engineering application, important quantities are those which, as
functions of position and time, cause dynamic loads on structures. These include the
surface elevation and the fluid pressures, velocities and accelerations, for which
expansions have already been given. As well as these there are a number of integral
properties of the periodic waves which may be of interest. In § 4.4 expressions have been
given for some of these: the volume flux /(gh%)?, energy per unit mass R/gh, and
¢/(gh)t the wave speed. The work of Longuet-Higgins (1975) enables us to calculate
several other integral properties rather more easily than would otherwise be possible,
and frequent reference will be made to that work. Equation numbers with the prefix
L-H refer to the equation numbers in Longuet-Higgins (1975). Instead of using
p =1, we will include it explicitly. All overbars in the following denote a mean with
respect to X.

Computer programs were written to perform all necessary manipulations in this
section. The following expansions in (¢/m) were obtained.

Wave impulse : I. The mean wave impulse per unit horizontal area is

7
1 =f pudy = p{c]—Q), (L-H:A)
I B ° 5 (e\ticl . 2 (E\k
and I, = L =Cp a—Qx = E'z (ﬁ) 1§om k§0 (—K) L. (Table C1)

In common with most other integral quantities given below, the first contribution to
wave impulse is at second orderin (¢/m): the first-order solution gives no contribution.
Kinetic energy : T. The mean kinetic energy per unit horizontal area is

T= f ﬂ%p(u2+v2) dy = }cl, (L-H:B, after Lévi-Civita)
° 5 fe\ii=1 3 [E\k
and Ty=T/pgh? = }c, I, = Ez (7&) ; m! ; (?) T.ix-  (Table C2)
= i=0 k=0
Potential energy: V. The conventional symbol V is used, which has already repre-

sented the vertical velocity; the two quantities are so different that the ambiguity
should not matter. Mean potential energy per unit horizontal area is

n —_—
V=1 pgly—1)dy = tpg(n*—7°),

7
therefore Ve = V/pgh? = }(n%—7%).
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To obtain the first term 3, the series for 7, was squared and then integrated in the

same way that 7, was produced:
Vo= 3 e)“il iy (E "y, (Tablo C 3)
= — m 4 itk aple
* Ez (m i=0 k§0 K) jk
Mean square of bed velocity : w. This quantity may be used in the estimation of real

fluid effects. After Longuet-Higgins (1975) we have

— A
ug = %f u¥(z, 0,t)dx = 2(R —g7)—c?, (L-H: 3.2, 3.6)
0
giving u/gh = 2R/gh—T4) %,
which was evaluated to yield
ul s (e)ii—l 2 (E)k
el — m? =) Uy Table C 4
gh Ez m ;E‘o k§0 K] “Uk ( )
Radiation stress : S_,. The excess flux of momentum per unit span due to the wavesis
the radiation stress:
7
S =f (p + pu?)dy — 3pg7? = 4T — 3V + 748 (L-H:C)
0
S U
Therefore, Sk, = ,_);—}:2' =4T — 3V + N u ah’
] 5 fe\ii=1 3 [R\k
which gave S¥= 3 (—) >Smi Y (—K:) (Sew)ijr: (Table C 5)
i=2 \"/ j=0 k=0

Mean wave power : F. The mean energy flux or wave power per unit span is

F= f;’[p+%p(u2+v2)+pg<y—n)1udy — (37— 2V) o+ ¥al(L + pe7),
(L-H: 3.10)

which becomes, in dimensionless terms,
F 1u? _
F, = W = (3T —2Vy)cu +§ g_h(I* +Cx Mx)s

and upon substitution of the various series gave
4

P 5 (S 5, (8)

=2 \"M/ j=0 k=0
This series contained terms up to (£/K)4, the highest power in all the physical quan-

(Table C 6)

tities except for inverted series such as h/7.
Mean Stokes drift velocity : C,. Stokes’ second definition of wave speed, the mean

velocity throughout the fluid in the translating co-ordinate system, is

Ay
ff UdYdX
C=¢0J0

Ay
f f dYdX
0Jo

SO

c Q
Therefore, =
(g} 74
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and subtracting the wave speed ¢, we obtain the mean speed at which the fluid par-
ticles move, relative to a fixed frame, which is the mean Stokes drift velocity, C,/(gh)}:

oy = s/(gh)’} = Qu/Ta~Cx

which was evaluated to give

or = ('S i 3 E)ko (Table C 7)
= - m’ -1 Gk able
i i§2 (m) j§0 k§0 (K I

Momentum flux : S. The momentum flux per unit span in the steady flow, S, is one of
the three parameters @, R and § introduced by Benjamin & Lighthill (1954) in their
study of cnoidal waves. Expressions for dimensionless @ and R were given above; here
we use another result of Longuet-Higgins (1975) to obtain an expression for S:

7
S = [ (0 +pUNAY = 8.~ 2T+ 7>+ 407, (L-H:5.2)
0

which in dimensionless terms becomes:
Sy = 8F— 204 L+ u(ck+ 17 4)-

This was evaluated and it was found that all the terms in £/K cancelled, leaving the

relatively simple expression
i

5 (e )
Sy = %+i§1 (%) Y miS,,. (Table C 8)

j=0

The disappearance of £/K from this series might have been expected because of the
close relation between @, R and S and the fact that neither @ nor R contained £/K. In
this way it provides something of a check on all the series used in generating it.

4.6. Check on results

Several of the series presented can be checked using the following equation, developed
by Longuet-Higgins using variational techniques:

d(T - V)= 2Tdc/c+ (T —2V +}uly)dA/A — jui d7, (1-H:4.17)

where the differentials can be due to changes in wave height, length and mean depth.
All quantities in this equation have been given previously as expansions in (¢/m), m,
and /K, in which m is deeply embedded. Thus, it seems reasonable to keep m con-
stant and to vary e only. Wavelength A is given by the equation from §3:

ad/h = 2K(m),

therefore, keeping m constant,
10 10A 0
xde Ade

and substituting this and all our dimensionless quantities,

T, oV, ., éc, 1uta7, 1uf oo
Oix T 7 %x, U OUx _oy, p M, V9% _
(86 e L ¢ +2gh 6e)a+(T* V*+2gh77*)36
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Double precision  Single precision

aceuracy acouracy
(¢/m) 0 04 x 1014
(e/m)? 04 x 10~%7 06 x 1013
(e/m)? 0-3 x 10-%8 0-2x 1012
(e/m) 0-2 x 10~ 0-2 x 10-11
(e/m)B 0-8x 1026 0-7x 1011
(¢/m)e — 0-5 x 1010
(e/m)? — 0-4x 10~®
(e/m)? — 0:2x 108
(€/m)? — 0-1x 107

TABLE 1

The series expansions generated by the computer programs were substituted into
this equatio and the maximum error at each order obtained, such that of all coeffi-
cients of m’ and (£ /K)* at each order in (¢/m) the maximum error is shown in table 1.

Clearly, the coefficients used in the series are accurate and there has been no dis-
astrous loss of significance. It does seem, however, that the ninth order is approaching
the limit of single precision accuracy.

5. Comparison with previous work
5.1, Stokes wave expansions

Allresults in this work have been presented as double series in powers of (¢/m) and of m.
For the series to be truncated at finite order and yet give accurate results, (¢/m) must
be not large. As shown in §4.1, this is given by ¢ = H /A being small, but the parameter
m being finite. If m does become small, however, it was shown that, as m-> 0,

e/m—>4m2h2/A2,

showing how e/m can become large for short waves.

Stokes wave expansions which explicitly contain the water depth (e.g. Skjelbreia &
Hendrickson 1961) have similar features to the series presented here, but are, in a sense,
complementary. The nominal Stokes expansion parameter is ak, where a is approxi-
mately half the wave height and k is the wavenumber 277/A, so that the expansion
parameter is effectively 7H /A. However, the denominator of each term contains
powers of sinh k7, so that the ratio of successive terms in the expansion can be shown
to be like

mH 1
A sinh3k7’

where 7 is the mean water depth. For waves in deep water no problems arise; however,
for shallow water k7 -> 0, and the effective expansion parameter is

1 H (A 1 (A
sma\y) o sm\y)

showing that for large values of A/7, the long wave case, this quantity can become
large: precisely the reverse for the cnoidal wave expansions.
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These deep water, or Stokes wave, expansions have often been applied in the past,
in the absence of an accurate shallow water theory, to long waves for which they are
not valid. This misapplication could have been avoided if Stokes expansions had been
presented as a double series in (ak)/sinh? £7 and in sinh? k7, for example,

$ (- _\ 5 (sinh k728
i=1 Sinh3kﬁ j=0 . g -

By using (ak/sinh3 k%) one would be warned if the expansion were being applied to
long waves in the same way that using ¢/m in the cnoidal wave expansion would show
if it were being applied to short waves.

5.2. Validity of expansions for speed wave power, efc.

The most accurate and comprehensive results for progressive gravity waves are those
of Cokelet (1977) for waves up to and including the highest and covering most of the
range between deep and shallow water. His results were obtained for ten values of
dimensionless depth and for each depth some thirty wave amplitudes. These were
obtained from a very high-order Stokes series (Schwartz 1974) for which accurate sums
were found using Padé approximants. If accurate values of integral parameters such
as wave speed, or potential energy are required, these could be interpolated from
Cokelet’s tables. Because of the very high order of the series and the numerical solution
necessary, explicit expressions were not given for any quantities; however, the num-
erical results given provide an accurate basis for comparing the results of Stokes and
cnoidal expansions. Cokelet’s results (1977) are more accurate than this work could
hope to match, so there seems little point in presenting a large number of tables and
graphs of all the results: the results of the present work are the tables of coefficients of
the series which may be applied to any shallow water situation.

It does not seem necessary to make detailed comparisons of all the wave quantities
for which results have been given in appendix C. As can be seen in Cokelet’s paper the
gross behaviour of each as affected by wave height and length is similar. Instead, only
one quantity will be compared here: the wave speed, which has traditionally been used
as the first basis for comparison between wave theories. All relevant quantities were
taken from Cokelet’s tables and for a certain constant value of ‘equivalent depth’
d/A, where d = @/c, pairs of values of dimensionless wave height H /7 and dimension-
less speed ¢2/g7 recorded. Then, knowing H /7 and A/7, m was found from table A 1 by
trial and error, k found from table A 3, to give ¢, and table B 6 used to obtain c,.

Results are plotted on figure 2. The numerically exact results of Cokelet are shown
by the solid lines, except that the infinite wavelength (solitary wave) results are taken
from Longuet-Higgins & Fenton (1974). Alongside each curve is shown a number which
is the approximate value of A/7% on that curve, which really is drawn for constant
Ac/@, a rather artificial depth scale but one which it was simpler for Cokelet to use.

Results from the present cnoidal theory are shown by the fifth and ninth order, with
results from fifth-order Stokes wave theory. Clearly cnoidal wave theory gives excellent
agreement for almost all wave heights up to about a maximum of 0-65, for wavelength/
depth ratios of 9 or more. It is interesting that there is a sudden change between
A/7 = 7 and 9. For longer waves, cnoidal theory is excellent and Stokes theory not
good except for low waves, while for shorter waves the situation is reversed. From this
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c*/gh

I | | 1
0-2 0-4 06 0-8
H/f
F1GURE 2. Dimensionless wave speed squared, c?/(g7). Comparison between the present theory
(5th order ———, 9th order —-—), Stokes wave theory (5th order :.-) and known results (——).

Solitary wave (A = o) results taken from Longuet-Higgins & Fenton (1974), all others from
Cokelet (1977). The wavelength :depth ratios given are approximate.

it can be concluded that the boundary of applicability between deep and shallow water
theories is at A /9 = 8.

Another result that is of interest is the apparent little gain to be had by using ninth-
order results rather than fifth order. For long waves, the ninth gives slightly greater
accuracy ; however, for shorter waves, the effect of m decreasing in ¢/m is felt and the
ninth-order solution diverges disastrously. This behaviour is similar to that of many
asymptotic series for which the inclusion of higher-order terms decreases accuracy,
which suggests here that the expansion for wave speed is an asymptotic rather thana
convergent series. It seems highly probable that all of the series generated in the present
work are of this asymptotic form. For practical purposes it is convenient that the
fifth-order solution seems to be so accurate for all long waves and that the series can be
truncated at this order.

Finally, it may be noticed that the phenomenon of the speed having a maximum is
not described using the present expansion in wave height. If one were to recast the
expansions in other parameters, then for sufficiently high-order expansions and with
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Fieure 3. Vertical distribution of horizontal fluid velocity under wave crests. Experimental
results of Iwagaki & Sakai (1970) are within the horizontally hatched regions. Fifth-order cnoidal
wave theory ( ), fifth-order Stokes wave theory (-——). (a) 8 = 0-282, 7, = 16:8 (A, ~ 17-3);
() €= 0324, 7, = 136 (X ~ 13:9); (c) & = 0-297, T4 = 12:9 (A, ~ 13:0); (d) & = 0-306,
Te = 12:0 (A4 x 12:0); (¢) €= 0-308, 74 = 119 (Ay & 11:9); (f) &= 0-239, 7, = 10-0 (X, = 9-6);
(@) €= 0318, 7y = 96 (Ag ~ 9-3); (R) € = 0-307, 74 = 8:6 (A = 8-1); ({) € = 0-306, 7, = 83
(As = 7°8); (j) € = 0326, 74 = T4 (A ~ 68); (k)& = 0-345, 74 = 66 (Ae = 59); () € = 0-298,
Te = 53 (A = 4-4).

convergence improvement techniques, exact numerical results could presumably be
obtained, as did Longuet-Higgins & Fenton (1974) for the solitary wave and Cokelet
(1977) for Stokes waves. However, one of the main purposes of the present work is to
give a usable expansion for shallow water waves which gives quite accurate results
at relatively low order, so that the duplication of previously obtained accurate
numerical results seems unnecessary.

5.3. Validity of expressions for fluid velocity

As stated in the introduction, the stimulus for this work was the need for an accurate
shallow water wave theory to give the fluid flow field under waves. Two experimental
investigations which measured the fluid velocity as waves passed along a laboratory
tank are those reported by Le Méhauté, Divoky & Lin (1968) and Iwagaki & Sakai
(1970). The most important velocity measured in each case was the horizontal velocity
under the crest and its variation with depth. From each of these papers, the present
author drew approximate envelope curves to all of the experimental points, which were
scaled and plotted on figures 3 and 4, so that almost all of their results fell within the
horizontally hatched regions. Each profile was plotted with the dimensionless horizon-
tal velocity under the crest u,(y)/(97)? as abscissa and dimensionless height above the
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bottom y/7% as ordinate. Every profile is identified by a reference letter, and contains
two numbers: wave height € = H /7 and period 7, plus another number in brackets
the wavelength/depth ratio A/ given by fifth-order cnoidal theory. Conveniently for
comparison, the wave height throughout figure 3 is about 0-3 (i.e. 0-282-0-345), while
the wave height in figures 4 (a)—(d) is about 0-4, and is approximately 0-5 in 4 (e)-(h).
Each figure begins with the longest wave.

On each experimental profile has been plotted one or all of the following theoretical
profiles: (i) fifth-order enoidal wave shown by a solid line, (ii) fifth-order Stokes wave,
the dashed line, and (iii) high-order stream function theory (Dean 1970) shown by a
chain-dotted line (on 4b, ¢, and ).

Wawve height 0-3. In figures 3 (a)—(e), results from the 4th-9th cnoidal wave theories
agreed so closely as to be indistinguishable, so that the author is satisfied that the lines
as plotted are an accurate solution of the irrotational flow problem. Unfortunately in
none of the cases do the results agree particularly well with experiment, but in view of
the close agreement between the cnoidal wave theories one is tempted to believe that
the disagreement between theory and experiment is due largely to real fluid effects in
the experimental tank. Examining the experimental results there seems to be evidence
of boundary layers near the bottom of the tank. In a full-scale situation, at Reynolds
numbers some thousands of times greater, such viscous effects would be much less.
Accordingly, figure 3 will be used only as a basis for comparing Stokes and cnoidal
wave theory. For the longest wave, figure 3(a), Stokes theory gave velocities some
15 %, greater than the 4th—-9th order cnoidal theories. At 7, & A/% & 12, figure 3(d),
Stokes results were within 59, of cnoidal, corresponding to an empirical drag force
(proportional to u2) error of 10 %,. As the wavelength decreases, the two theories agree
more closely, until at T, =~ 10 they give good agreement. From this point however, the
9th-order cnoidal theory started to be distinguishable from the 5th, and one no longer
can have so much confidence in the cnoidal results. This divergence began to be marked
after (h), so that the Stokes wave results should be trusted more for 7, < 8-6, which isin
keeping with the results of § 5.2 for wave speed. It is interesting that in figure 3 (Z), the
shortest wave, agreement between the Stokes results and the experiment was remark-
ably good. There is no evidence of a boundary layer, which result might be most
readily expected for these shorter wavelengths.

Wave height 0-4. In figures 4 (a)-(d), for higher, but longer, waves than figure 3,
agreement between the fifth-order cnoidal wave theory and experiment is good, even
for wavelengths as short as 84 (1, = 8-6). However, for areal solution of the transcen-
dental fifth-order Stokes equation for (ak), the Stokes expansion parameter could
only be obtained for case (d). For this case, the cnoidal wave solution agrees rather
better with experiment. The only stream funetion result given by Dean for this row is
that of figure 4 (b), which was stated by him to be the closest to experiment of all the
eight cases tested by him. It is not quite as good as the cnoidal result. An advantage of
the two formal expansion procedures, Stokes and cnoidal, is that, once coefficients in
the expansions are known, it is a simple matter (albeit lengthy without a computer) to
produce any results given by that theory for any depth, provided the expansion is still
valid. For solutions such as Dean’s stream function theory, numerical solution of the
equations, and hence special computer programs, are necessary.

Wave height 0-5. For higher waves still, figures 4 (e)—(k) show that the fifth-order
Stokes wave-solution can still only be obtained for the shortest wave and that in that
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FiGurE 4. Vertical distribution of horizontal fluid velocity under wave crests. Experimental
results of Le Méhauté et al. (1968) are within the horizontally hatched regions. Fifth-order enoidal
wave theory (——), fifth-order Stokes wave theory (—--), stream function theory (—--) (Dean,
1970). (@) & = 0-433, 74 = 27-2 (A, ~ 30-6); (b) & = 0-389, 7, = 22:5 (As ~ 30-6); (c) & = 0-420,
Te = 150 (A4 & 16:9); (d)€ = 0-434,7, = 86 (A, ~ 8:4); (¢) € = 0-548, 7, = 27-3 (A, =~ 31-7);
(f) €= 0493, 7, = 22:5 (A, = 253); (g) &€ = 0-522, 7, = 159 (A, ~ 17-5); (k) € = 0-499,
Te = 86 (A4 = 8-5).

case it is not accurate. The cnoidal wave results also are not good, except in the lowest
case figure 4 (f), when € = 0-492. For the other higher waves it is no longer accurate. At
this height, the stream function theory does give quite good results: not really to be
preferred over cnoidal theory for the long wave case of figure 4 (e), but certainly for the
shorter wave of figure 4 (k). The stream function approach should be most suited to
shorter waves, as it is based on a Stokes type of expansion.

Finally, the apparently asymptotic nature of the series used for the velocity profile
should be mentioned. For the series of wave height 0-3, all higher-order cnoidal expan-
sions tended to agree with the fifth-order result, and, where small differences were
apparent, the higher-order solutions would be trusted. However, for all higher waves
(0-4 and 0-5), the higher-order theories gave results which were wildly divergent from
the fifth-order and from the experimental results, providing more evidence for the
asymptotic nature of the series. Generally the fifth-order solution was quite accurate
and, except for high and short waves, did not show the marked disagreement with
experiment of higher orders. In all practical application it is recommended that terms-
higher than the fifth be not included. '
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6. Conclusions

A method has been developed for generating high-order cnoidal wave solutions. Such
a solution has been obtained to ninth order using a computer to manipulate the long
series necessary; however, comparison with previous experimental and theoretical
results has shown that there is no gain in accuracy to be had by including terms after
the fifth, suggesting that the series are asymptotic rather than convergent. The fifth-
order cnoidal wave solution is presented in the appendix in the form of a number of
series for which all numerical coefficients are given. Any steady wave problem in
shallow water, involving a given wave height, period, and water depth, may be solved
using the series presented.

Results from the fifth-order theory have been compared with other high-order
theories for steady water waves. The following conclusions can be drawn.

(1) For dimensionless periods 7(g/7)}, or wavelengths A/7, greater than 8, fifth-
order cnoidal wave theory should be used. In the case of waves shorter than this, fifth-
order Stokes wave theory is preferable.

(2) If overall integral quantities such as wave speed, wave power, etc., are required,
the fifth-order cnoidal wave solution is highly accurate up to a relative wave height
H /7 of about 0-65, provided the limitation of (1) is observed.

(3) For solutions of the fluid flow beneath waves, the fifth-order cnoidal wave
expansion gives accurate results for relative wave heights up to 0-4, and in the absence
of other convenient theories can be applied without gross error to wave heights of 0-5.

(4) For lower wave heights there is greater overlap between the areas of validity of
the two theories. For example, a wave of 0-2 times the depth may be solved using
Stokes theory for relative wavelengths of up to 12 say, while cnoidal theory may be
applied to wavelengths as small as 5.

Appendix

Below are set out all the fifth-order expressions based on cnoidal wave theory which
have been generated in the present work. All coefficients are given rounded to five
decimal places; where any fewer places are given, all trailing numbers are zero. This
accuracy was considered by the author to be reasonable for all practical use, however
all coefficients given are stored to ten decimal places in the computer at the University
of N.S.W. The author would be glad to send punched computer cards containing these
numbers to anybody who may request this.

Appendix A contains three tables of coefficients, any two of which may be used,
given a practical problem involving known water depth 7, wave height H and period 7
or wavelength A, first, to solve for m by trial and error using tables A 1 or A 2, and then
to solve for % the trough depth using table A 3, to give ¢ = H/hk, used throughout
appendices B and C.

Appendix B contains tables of coefficients so that a detailed solution of the flow field
for a particular wave may be generated. Finally, appendix C gives tables for several
constant integral quantities of a cnoidal wave train.
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Appendix A
Please note that the dimensionless wave height used throughout this appendix is
§=H/7.

i k j=0 1 2 3 4
1 0 1-25 —-0-625 — — —
1 —1-5 — — - _—
2 0 — 0-46875 0-46875 —0-16406 — —
1 0-125 —0-06250 — — —
2 0-375 — — — —
3 0 1-01556 ~1-52333 0-73241 —0-11232 —
1 —-0-91938 0-91938 —0-06391 —_ —
2 0-21875 —0-10938 — — —
3 0-06250 — — — —_
4 0 —2:79984 5-59969 —4-07395 1-27410 —0-05493
1 3-66490 - 5-49735 3-04491 —0-60623 —
2 —1-48453 1-48453 —0-10465 — —
3 0-20313 —0-10156 — — —
4 0-02344 — — — —
TABLE A 1. Coefficients Ay, in series for dimensionless wavelength
Ae = A/7 = 4K(38/m)~t (1 + XA, (/m)i mi(E/ K)¥).
v k j=0 1 2 3 4
1 0 0-25 —-0-125 — —
1 — — — — —_
2 0 0-01458 —0-01458 —0-07656 — —
1 —1-08333 0-54167 — — —
2 1 — — —_ —
3 0 0-36121 —0-54182 0-41216 —0-11578 —
1 2-50417 —2-50417 0-33229 — —
2 —-4-5 2-25 — — —
3 20 — — — —
4 0 — 1-86885 3.73770 —2-73031 0-86147 —0-07582
1 —4.22859 6-34288 —1-88433 —0-11498 —
2 15-19111 ~15-19111 2-69111 - —
3 1366667 6-83333 — — —
4 4 — — — —_—

TABLE A 2. Coefficients 7, in series for dimensionless period
7o = 7(g/M} = 4K(3€/m)~1 (1 + ZTZ7,;,(€/m)imi(E/K)¥).
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7 k ji=0 1 2 3 4
1 0 1-0 -1-0 — —_ —
1 -1 — — — —_
2 0 —0-5 0-5 — — —
1 0-5 —0-25 — — —
2 — —_ . — —
3 0 0-665 - 0-99750 0-33250 —_ —
1 —1-165 1-165 -~ 0-04 —_ —
2 0-5 —0-25 — — —
3 — _ — — —
4 0 —1-62667 3:25333 ~2-454 0-82733 —
1 3-20667 —4-81 2:17633 — 0-28650 —
2 —2-08 2-08 - 0-14250 — —
3 0-5 - 025 — — —
4 — — — — —
5 0 4-86659 —12-16647 11-79929 — 5:53247 1-03306
1 —10-74409 21-48818 —16-00776 5-26368 —0-20555
2 862250 —12-93375 6-09025 —0-88950 —
3 —3-245 3:245 —0-30750 — —
4 0-5 —-0-25 — —_ —
5 — - _ — —
TaBLE A 3. Coefficients h,, in series for minimum depth
h/f = 1+ XXk (€/m) m/(E/K)*.
Appendix B

The dimensionless wave height used throughout this appendix is ¢ = H /h.

e

B QO b =

i=0
0-25
0-03125
—0-37743
0-20322

1

—0-875

—0-34375
0-51146
0-44278

0-86719
0-13743
—1-38945

—0-833
0-54282

0-76773

TasrLt B 1. Coefficients a;, in series for a: & = (f¢/m)d (1 + ZZa (e/m) m’).
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k
— - o
J 1 2 3 4 5
0 — — —_— —_ —_
1 1:0 — — — —
0 — _— — — —
1 — — — — —
2 —075 0-75 — — —
0 — — — — —
1 _ — — —_— —
2 —0-76250 0-76250 — — —
3 1-38750 ~2:65 1-26250 — —
0 — — - —_ —
1 — — - — —_
2 —0-80533 0-80533 — — —
3 2-48904 —4-33146 1-84242 — —
4 —3-05188 7-40646 —6-52546 2-17088 —
0 — —_— — — —
1 — — —_— — —
2 0-43643 —0-43643 — — —
3 1-92280 —4-66167 2-73888 — —
4 —7-04588 17-45561 —15-31697 4-90723 —
5 6-54722  —19-80887 25-34187  —16-32709 4-24687
TaBrLe B 2. Coefficients 7,4, in series for wave profile
7 = 14+ ZZZp(e/m)imi(en?)k,
7 ji=20 1 2 3 4 5
1 - 05 1-0 — — — —
2 0-225 -0-35 ~0-025 — — —
3 —0-07857 0-06161 0-04911 0-02143 — —
4 0-39788 —0-73683 0-70620 —0-38355 —0-03888 —
5 ~0-82992 1-57745 —0-59145 —~0-67125 0-46271 0-07232
TaBLE B 3. Coefficients @, in series for dimensionless volume flux
Qu = 1+ZZQ;(e/m)imi.
i j=0 1 2 3 4 5
1 —-05 1:0 — — —_ —_—
2 0-35 —0-35 - 0025 — — —
3 —0-19107 0-11161 0-01161 0-04643 — -—
4 0-46248 —0-73388 0-65870 -0-31944 —0-085 —
5 —1-04654 1-92262 —0-98229 —0-39222 0-32619 0-15647

TasLE B 4. Coefficients R;; in series for dimensionless energy per unit mass

Ry = 1:5+ ZZRy(e/m)tms,
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il k=0 1 2 3 4 5
1 0 0 -—05 — — — — —
1 10 -1-0 — — —_ —
2 0 0 0-225 — — — — —
1 —06 10 — — — -
2 0-225 ~1-25 10 — — —
1 o0 — — — — — —
1 0-75 —15 — — — —
2 —075 3-0 —2.25 — — —
3 0 0 —0-07857 — — — — -
1 014911  —0-4 — — — —
2 0-16161 135 —17 — — —
3 —017857 —0-475 1 -1-2 — —
1 o0 — — — — — —
1 -0375 0-75 — — — —
2 — —525 7-125 — — —
3 0-375 3-0 ~10-876 75 — —
2 0 — — — — — -
1 0-18750  —0-375 — — — —
2 —0-56250 3-18750  —2-81250 — — —
3 0-375 —3-18750 5-625 —2.81250 — —
4 0 0 0-39788 — — — — —
1 —0-74576 0-09643 — — — —
2 0-73477  —0-46431 0-81967 — — —
3 —0-67908 0-55694  — 3-04667 2.90133 — —
4 0-23701 0-17018 1-03417  — 310267 1-576 —
1 0 — — — — — -
1 0-01875  —0-03750 — — — —
2 —0-09375 5-625 —17-25625 — — —
3 0-66562  —17-55625 29-025 —26-2 — -
4 —0-59063 3-03760 —17-07188 33-525 —18-9 —
2 0 — — — — — -
1 —_ —_— —_ _ J— —
2 0-14063  —4-78125 6-0 — — —
3 0-14063 970312  —33-42187 24-376 — -
4 —028125  —4-07812 2709375  — 4242187 19-68750 —
3 0 — — — — — -
1 0-01875  —0-03750 — — — —
2 —0-17813 123750  —1-18125 — — -
3 0-31875  —3-48750 7-08750  —3-93750 — -
4  —015938 2:325 —17-08750 7-875 —2.95313 —
5 0 0 —082992 —_ — — — -
1 176991  —0-78281 — — — -
2 —0-99629 0-89794 0-49893 — — -
3  —041272  —0-66324 1-20740  —2:26014 — —
4 0-83138 0-70429  —2-71917 7-12267  —4.06993 -
5 —0-34250  —0-26144 043733  —2-69367 5-21186  — 216
1 o0 — — — — — —
1 —0-57050 1-141 — — — —
2 1-44569  —4-45837 2-27950 — — —
3 —1-29008 586650 —31-13156 31778 — —
4 —038012  —2-12075 4262062 —110-618 74-07 -
5 0795 —2-23875 —11-405 6173675  —91-44 4258
2 0 — — — — — —
1 —0-01875 0-03750 — — — —
2 —045 3-84375  —3-91875 — — —
3 096797  —16-09219 63-225 —~53-23125 — -
4 —1-16016 16.30547 —110-93203  225:63750 — 131.90625 —
5 066094  — 5-39207 47-56406 —162:53203  204-75 — 8505
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i k=0 1 2 3 4 5
0 — —— _— — — —

1 0-00937  —0-01875 — — — —

2 011719  —1-59375 1-80938 — — —

3 —025313 9-84375  —31-55625 22-96875 — —

4 0-05156  —13-23750 73-18125 ~ 1155 55-61719 —

5 0-075 4-875 — 417 103-68750 —102-375 35-43750
0 . . - - — .

1 0-001 ~0-00201 — — — —

2 —~0-03415 0-26016  —0-25614 — —

3 0-12656  —1-64833 370647  —2-21484 — —

4 —015560 277634  —9-58259 1170703  —4-74609 —

5 0-06228  —1-38817 6-38839  —11-70703 9-49219  —2-84766

TABLE B 5. Coefficients ¢, in series for fluid velocities, accelerations and pressure.

k j=0 1 2 3 4 5
0 0-5 — — — — —

1 —1.0 — — — — —

0  —~010833  —001667  —0-025 — — —

1 0-33333 0-08333 — — — —

0 —0-17190 0-33911  —0-16006 0-04643 — —

1 0-09333  —0-34333 0-21833 — — —

0 0-02097 0-17293  —0-56238 0-39861  —0-08531 —

1 0-37690  —0-68202 1-04889  —0-56668 — —

0 0-11046  —0-31285  —0-11262 091605  —0-73881 0-15763
1 —094038 1-22117 0-35314  —1.75325 1-00619 —

TABLE B 6. Coefficients ¢, in series for wave speed
cx = 1+ XXX e/m)mi(E/K)*.
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Appendix C
The dimensionless wave height used throughout this appendix is e = H/h.

7 k j=0 1 2 3 4
2 0 -0-33333 0-33333 — — —
1 1-33333 —0-66667 — — —
2 -1.0 — — — —
3 0 0-1 —0-06667 —0-03333 — —
1 —0-93333 06 0-06667 — —
2 0-83333 —0-16667 — — —
4 0 0-205 —0-485 0-35417 —0-07417 —
1 0-03333 0-65 —0-83 0-14833 —
2 —0-23833 —0-38667 0-44917 — —
5 0 —0-10943 0-01732 0-56278 —0-67712 0-20644
1 —0-82248 1-60329 —2-67396 2-18065 —0-41289
2 0-93190 —1-09994 1-64231 —0-98610 —
TaBrE C 1. Coefficients I, in series for wave impulse
Iy, = ZEZI(e/m) mi(E[/K)*.
7 k ji=0 1 2 3 4
2 0 —0-16667 0-16667 — — —
1 0-66667 —0-33333 — — —
2 —08 — — — —
3 — — — — —
3 0 —0-03333 0-05 —0-01667 — —
1 0-03333 —0-03333 0-03333 — —
2 —0-5 0-25 — — —
3 0-5 —_ — — —
4 0 0-14556 —0-27444 0-17014 —0-04125 —
1 —0-39444 0-575 ~0-37889 0-08250 —
2 0-83222 —0-58222 0-17597 — —
3 —0-58333 0-04167 — — —
5 0 0-01977 —0-19498 0-45424 —0-39040 0-11138
1 —0-56834 1-53113 - 2-04019 1-27574 —0-22275
2 0-33718 ~1-338 1-71556 —0-65835 —
3 0-21139 0-37194 — 0-34069 — —

TasLE C 2. Coefficients T';;, in series for kinetic energy
Ty = ZZZT i le/m)mi(E [ K)*.
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k j=0 1 2 3 4

0 —0-16667 0-16667 — — —

1 0-66667 —0-33333 — — —

2 - 05 — — — —

0 0-1 —-0-15 0-05 — —_

1 —-0-6 0-6 ~0-1 — —

2 0-5 —0-25 —_ — —

0 0-00905 —0-06810 0-10744 —0-04839 —

1 0-28095 —0-12143 —0-25310 0-09679 —_

2 —0-29 0-04 0-17875 — —

0 0-03644 — 010014 0-24178 —0-27687 0-09880
1 —0-66560 1-05025 —1-21573 0-92465 —0-19760
2 0-62917 —0-65375 0-72508 —0-404 —

TaBLE C 3. Coefficients V,;, in series for potential energy
Ve = ZZZV (e/m)im/(E [K)*.

k 7j=0 1 2 3 4

0 —0-33333 0-33333 — — —

1 1-33333 —0-66667 — — —

2 —1:0 — — — —

0 0-4 ~0-43333 0-03333 — —_

1 —1-06667 0-4 —0-06667 — —_

2 0-66667 0-16667 — — —

0 —0-05016 - 0-29968 0-50853 —0-15869 —

1 —0-02540 1-10476 —0-91413 0-31738 —_

2 0-07556 ~0-74222 0-42972 —_ —

0 0-09597 —0-16468 0-61066 —0-84791 0-30597
1 —0-78756 1-61321 —3-224 2-48383 —0-61194
2 0-69159 —1-15071 2-00945 —1-16975 —

TaBLE C 4. Coefficients U,;; in series for mean square of bed velocity
ul/gh = ZTZU;ple/m)mi(E [ K)*.

k ji=0 1 2 3 4
0 -0 05 — — —_
1 2:0 -1.0 — — —
2 —15 — — — —
3 — _ _ — —
0 03 —0-45 0-15 — —
1 -08 0-8 -03 — —
2 —05 0-25 — — —
3 1-0 — — - —
0  —006175  —0-02651 0-23343  —0-14518 —
1 —0-14603 061905  —0-75373 0-29036 —
2 137444  —1-12444 0-53069 — —
3  —1-16667 0-08333 — — —
0 0-37090  —0-86550 107073  —0-87252 0-20639
1 —2:09721 4-34044  — 524517 3.28264  —0-50279
2 1-30353  —3-32974 415620  —1.72069 —
3 0-42278 0-74389  —0-68139 — —

TaBLE C 5. Coefficients (S,,) in series for radiation stress
S:z = ZZ(Szz)i!k (€/m)‘m’(E/K)"_
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i k j=0 1 2 3 4
2 0  —033333 0-33333 — — —
1 1-33333  —0-66667 — — —
2 —10 — _ — —
3 —_— — — — —
4 — - — — —
3 0 -0t 0-06667 0-03333 — —
1 093333  —0-6 —0-06667 — —
2 —2:83333 1-16667 — — —
3 2:0 — — — —
4 - - _— — —_
4 0 0-23516  —0-44532 0-30813  —0-09798 —
1 —1.40794 1-87857  —0-91254 0-19595 —
2 3-00611  —2-29778 0-61028 — —
3 —1-33333 0-16667 — — —
4 —05 — — — —
5 0 0-20883  —0-69843 1-06473  —0-79994 0-22482
1 —1.26248 3-58090  —4-88547 2-87763  —0-44963
2 0-66365  — 3-25008 4-58302  —1-70602 —
3 —036 1-36 ~1:235 — —_
4 0-75 — — — —
TaBLE C 6. Coefficients F,, in series for wave power
Fy, = ZXZZF i (e/m) m!(E/K)%.
% k j=0 1 2 3 4
2 0 0-33333 —0-33333 — — -—
1 -1-33333 0-66667 — — —
3 0 0-23333 —0-6 0-36667 — —
1 - 0-73333 1-733333 —0-73333 — _—
4 0 —0-13833 ~0-015 0-44583 —0-29250 —
1 —0-16687 1-16667 —1-58667 0-585 —
5 0 —0-09057 0-46851 —0-64195 0-17795 0-08606
1 1-00248 —1-71329 1-36479 —0-35648 —0-17211

TaBLE C 7. Coefficients Oy, in series for mean Stokes drift velocity
O¥ = TIXC,le/m)mi(E/K)*.

i ji=0 1 2 3 4 5

1 —-10 2:0 — — — —

2 0-7 —1-2 0-45 — — —

3 —0-38214 0-57321  —0-27679 0-04286 — —

4 092495  —1-65883 148258  —0-70585  —0-07714 —

5  —209307 430772  —2-68650  —0-19726 0-49464 0-14295

TasrLe C 8. Coefficients S,; in series for momentum flux
S = 1-54+ZX(e/m)* m*S,,.
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